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Abstract
A graph is minimum weight drawable if it admits a straight-line drawing that is a minimum
weight triangulation of the set of points representing the vertices of the graph. We study the
problem of characterizing those graphs that are minimum weight drawable. Our contribution is
twofold: We show that there exist in4nitely many triangulations that are not minimum weight
drawable. Furthermore, we present non-trivial classes of triangulations that are minimum weight
drawable, along with corresponding linear time algorithms that take as input any graph from
one of these classes and produce as output such a drawing. One consequence of our work is
the construction of triangulations that are minimum weight drawable but not Delaunay drawable
– that is, not drawable as a Delaunay triangulation. c© 2002 Elsevier Science B.V. All rights
reserved.
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1. Introduction
Recently much attention has been devoted to the study of combinatorial properties
of well-known geometric structures – often referred to as geometric graphs in the
computational geometry literature(see, e.g., [30, 31]) – such as Delaunay triangulations,
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minimum spanning trees, Gabriel graphs, relative neighborhood graphs, -skeleton
graphs, and rectangle of inJuence graphs. Besides its theoretical appeal, this interest
has been motivated in part by the importance of these structures in numerous applica-
tion areas, including computer graphics, pattern recognition, computational morphology,
communication networks, numerical analysis, computational biology, and GIS.
Geometric graphs are two-dimensional straight-line drawings that satisfy some addi-
tional geometric constraints. Given such constraints, it is natural to study the problems
of characterizing those graphs that admit drawings satisfying the constraints, and of
designing eKcient algorithms for computing such drawings when they exist. Although
these problems are far from being resolved in general, many partial answers have
appeared in the literature (see, [6, 16] for references). We give two such examples
below.
A Gabriel graph (also called Gabriel drawing in the graph drawing literature) is
a straight-line drawing such that two vertices u and v are adjacent if and only if
the disk having u and v as antipodal points does not contain any other vertex of
the drawing. Trees that admit a Gabriel drawing are characterized in [3]. Lubiw and
Sleumer [27] show that every maximal outerplanar graph is Gabriel drawable. In [20]
the characterization is extended to all outerplanar graphs. The area required by Gabriel
drawings is investigated in [26].
Delaunay triangulations are planar straight-line drawings with all internal faces tri-
angles and such that three vertices form a face if and only if the disk passing through
them does not contain any other vertex of the triangulation. To our knowledge, no
complete combinatorial characterization of Delaunay drawable triangulations has been
given to date. Di Battista and Vismara [7] give a characterization based on a non-linear
system of equations involving the angles in the triangulation. Dillencourt has shown
that all Delaunay drawable triangulations are 1-tough, [12], and that all maximal outer-
planar graphs are Delaunay drawable [11]. Dillencourt and Smith [13] have shown that
any triangulation having neither chords nor non-facial triangles is Delaunay drawable.
A survey on the problem of drawing a graph as a given type of geometric graph can
be found in [6].
In this paper we consider a special type of straight-line drawing, called a minimum
weight drawing The weight of a drawing of a graph is de4ned to be the sum of the
lengths of the edges of the drawing. Frequently, drawings of graphs are required to
satisfy some set of aesthetic criteria such as planarity or orthogonality. For a graph
G, a set P of points in the plane, and a set E of aesthetic criteria, the weight of G
with respect to P, denoted by wP(G), is de4ned as follows: wP(G) is the minimum
taken over the weights of all drawings of G having P as vertex set and satisfying E;
if no such drawing exists, then wP(G)=∞. Now, let C be a class of graphs. A graph
G ∈C is minimum weight drawable ( for C) if there exists a set P of points such that
wP(G) is 4nite and G minimizes wP() over all graphs in C. Any drawing of G that
achieves this minimum value is called a minimum weight drawing of G with respect
to P. Minimum spanning trees and minimum weight triangulations are two well-known
examples of such drawings.
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A minimum spanning tree of a set P of points is a connected, straight-line drawing
that has P as vertex set and minimizes the total edge length. So, letting C be the class
of all trees, and E denote straight-line planar drawings, a tree G is minimum weight
drawable for C if there exists a set P of points in the plane such that G minimizes
wP() over all trees. This is equivalent to saying that G is isomorphic to a minimum
spanning tree of P. A minimum weight triangulation of a set P is a triangulation of P
having minimum total edge length. Letting C be the class of all planar triangulations,
and E be as above, a planar triangulation G is minimum weight drawable for C if
there exists a set P of points in the plane such that G is isomorphic to a minimum
weight triangulation of P.
The problem of testing whether a tree admits a minimum weight drawing is es-
sentially solved. Monma and Suri [29] proved that each tree with maximum vertex
degree at most 4ve can be drawn as a minimum spanning tree of some set of vertices
by providing a linear time (real RAM) algorithm. In the same paper it is shown that
no tree having at least one vertex with degree greater than six can be drawn as a
minimum spanning tree. As for trees having maximum degree equal to six, Eades and
Whitesides [14] showed that it is NP-hard to decide whether such trees can be drawn
as minimum spanning trees. The representability of trees as minimum spanning trees
in three-dimensional space is studied in [25].
Surprisingly, little seems to be known about the problem of constructing a minimum
weight drawing of a planar triangulation. Moreover, it is still not known whether
computing a minimum weight triangulation of a set of points in the plane is an NP-hard
problem (see [15]). Several papers have been published on this last problem, either
providing partial solutions, or giving eKcient approximation heuristics. A limited list
of references includes the work by Meijer and Rappaport [32], Lingas [24], Keil [17],
Dickerson et al. [8, 9], Kirkpatrick [18], Aichholzer et al. [1], Cheng and Xu [4],
Dickerson and Montague [10], and Levcopoulos and Krznaric [22, 23].
The problem examined in this paper is the drawability problem for minimum weight
triangulations, that is, the characterization of those triangulations that admit a minimum
weight drawing. In [19] it was shown that all maximal outerplanar triangulations are
minimum weight drawable and a linear time (real RAM) drawing algorithm for com-
puting a minimum weight drawing of these graphs was given. This naturally leads us
to investigate the internal structure of minimum weight drawable triangulations. We
examine the endoskeleton – or skeleton, for short – of a triangulation: that is, the sub-
graph induced by the internal vertices of the triangulation. We construct skeletons that
cannot appear in any minimum weight drawable triangulation; skeletons that do appear
in minimum weight drawable triangulations; and skeletons that guarantee minimum
weight drawability. In particular, we:
• exhibit in4nite classes of triangulations that are not minimum weight drawable, by
constructing skeletons which cannot appear in any minimum weight triangulation,
• produce an in4nite class of minimum weight drawable triangulations which are not
Delaunay drawable. To our knowledge, this is the 4rst result showing the combinato-
rial diOerence between Delaunay triangulations and minimum weight triangulations.
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It is worth remarking that the study of the geometric diOerences between the mini-
mum weight and Delaunay triangulations of a given set of points in order to compute
good approximations of the former has a long tradition (see, e.g., [18, 21, 28]),
• describe a method for constructing, given any forest, a minimum weight drawable
triangulation having that forest as its skeleton,
• exhibit skeletons that guarantee the minimum weight drawability of maximal tri-
angulations. Namely, we show that nested triangulations (de4ned in Section 2) and
maximal triangulations whose skeletons are trees, are always minimum weight draw-
able,
• present linear-time real RAM algorithms that take as input a minimum weight draw-
able triangulation of the types described above, and produce as output a minimum
weight drawing of that triangulation.
In order to prove the correctness of our drawing algorithms, a general technique
for proving that a drawing of a triangulation is a minimum weight triangulation of
a set of points is presented. The technique compares distances between adjacent ver-
tices against distances between any possible pairs of vertices in the drawing, and is
based on the notion of feasible edges of a minimum weight triangulation (de4ned in
Section 4).
The rest of this paper is organized as follows. Preliminary de4nitions and basic
properties of minimum weight triangulations are given in Section 2. Section 3 presents
constructions of in4nite families of triangulations that are not minimum weight draw-
able by exhibiting skeletons that cannot occur in any minimum weight drawable tri-
angulation. In Section 4 we introduce and study the concept of feasible edges for a
minimum weight triangulation of a set of points. In the same section, we prove that
any forest can appear as the skeleton of a minimum weight drawable triangulation,
and we describe how to compute a minimum weight drawing of any wheel graph.
Families of skeletons which guarantee minimum weight drawability are presented in
Section 5. In the same section, in4nite families of minimum weight drawable but De-
launay forbidden triangulations are also described. Open problems are discussed in
Section 6.
2. Preliminaries
We assume familiarity with basic computational geometry, graph drawing and graph
theory concepts. For further details see [2, 5, 31].
We will often be concerned with graphs G each of whose edges has an associated
weight, namely the length of the corresponding segment in some straight-line drawing
of G. We denote the weight of an edge e by w(e). The weight of a set E of edges
refers to the sum of the weights of the edges in E and is denoted by w(E), as is the
weight of a graph G or a drawing 
.
A triangulation of a 4nite set P of points in the plane consists of a maximal sized
set of non-intersecting segments connecting pairs of points in P. We will make use of
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Fig. 1. (a) A triangulation whose skeleton is a forest. (b) A nested triangulation. The skeleton edges are
bold.
the following result from [1], which describes a correspondence between the edge sets
of any two triangulations of a point set.
Theorem 1 (Aichholzer et al. [1]). Let P be a 9nite set of points in the plane and
consider two triangulations T and T ′ of P. There exists a perfect matching between
T and T ′ with the property that matched edges either cross or are identical.
We call a segment e between two points of P forced if it is contained in every
minimum weight triangulation of P. Edges of the convex hull of P are clearly forced,
as is any segment which is not crossed by any other segment connecting two points
of P.
A graph G is called a triangulation if it is isomorphic to a triangulation of some
4nite set of points in the plane. G is said to be a maximal triangulation if its outer
face is a three-cycle.
The skeleton S(T ) of a triangulation T is the graph induced by the set of its internal
vertices. For example, the skeleton of a maximal outerplanar graph is the empty graph,
the skeleton of a wheel graph consists of just one vertex (the center of the wheel).
Fig. 1(a) shows a triangulation whose skeleton is a forest; in the 4gure, the skeleton
is highlighted.
We make use of some special types of triangulations. A fan F consists of a cy-
cle a; v1; v2; : : : ; vn along with edges from a to each vertex vi. The vertex a is called
the apex of the fan, and the vertices vi are called the neighbors of a. The edges avi
are called the radial edges of the fan; the edges vivi+1 are called the outer edges of
F . We denote such a fan by F = a; v1; v2; : : : ; vn. An example of a fan is shown in
Fig. 3. A wheel graph (or wheel, for brevity) is a triangulation consisting of a cycle
and a single vertex c, called the center of the wheel, adjacent to all vertices on the
cycle. The edges from c to the vertices of the cycle are called the spokes of the wheel.
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A nested triangulation is de4ned recursively to be either a three-cycle, or a maxi-
mal triangulation whose skeleton is a nested triangulation. Fig. 1(b) shows a nested
triangulation.
Many classes of graphs arise from using some geometric constraint to de4ne edges on
a set of points in the plane. Three such classes, Gabriel graphs, Delaunay triangulations
and minimum weight triangulations, have already been mentioned. Given a certain class
C of graphs de4ned by such a method, we can de4ne a graph G as being C-drawable
if G is isomorphic to some member of C. Thus in the rest of the paper we will refer
to certain triangulations as being, for example, Delaunay drawable, minimum weight
drawable, and so forth.
To our knowledge, no complete combinatorial characterization of Delaunay drawable
triangulations has been given [11–13]. Di Battista and Vismara [7] give a characteriza-
tion based on a non-linear system of equations involving the angles in the triangulation.
Dillencourt [11, 12] gives a set of necessary conditions for Delaunay drawability of a
triangulation. In the following theorem, T is a triangulation, U a subset of the set V
of the vertices of T , |U | is the cardinality of U , and T − U is the graph obtained by
removing U (and all incident edges) from T .
Theorem 2 (Dillencourt [11, 12]). If a triangulation T can be drawn as a Delaunay
triangulation; then for any given U ⊆V the following two conditions hold:
(1) T is 1-tough; that is; T − U has at most |U | connected components.
(2) T − U contains at most |U | − 2 components that do not contain any vertex of
the outer face of T .
3. Forbidding drawability
In this section we prove that not all triangulations are minimum weight drawable by
studying the skeleton of the triangulation. We describe a set of constraints which must
be satis4ed by the internal angles of any minimum weight triangulation to prove that
certain skeletons cannot appear as part of any minimum weight drawable triangulation.
This allows us to describe in4nite classes of triangulations that are minimum weight
forbidden, i.e. not minimum weight drawable.
Let T be a triangulation. To any internal vertex v and incident face f of T , we
associate a variable = (v; f) called the angle of f at v; collectively these variables
are called the angles of T . Any straight-line drawing of T determines values for these
variables, and thus certain relations among the angles of T must hold. If the triangula-
tion is to be minimum weight, additional relations among the magnitudes of the angles
must hold. We de4ne the magnitude of  by m()= 1 if  is obtuse and m()= 0
otherwise.
Lemma 3. Let T be a minimum weight drawable triangulation. Then there exists an
assignment of values to the angles of T such that for each pair of faces f1 and f2
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Fig. 2. Two examples of triangulations that cannot be drawn as minimum weight triangulations.
of T that share an edge e; the two angles 1 in f1 and 2 in f2 opposite e satisfy
m(1) + m(2)61.
Proof. Let 
 be a minimum weight drawing of T . If the two angles opposite an edge
e shared by two faces were obtuse, then the quadrilateral formed by the two edges
would be convex, and e would be longer than the other diagonal of the quadrilateral.
Hence, one could decrease the weight of 
 by an replacing e by the other diagonal.
We can use Lemma 3 to identify forbidden triangulations.
Lemma 4. The triangulations of Fig. 2(a) and (b) are minimum weight forbidden.
Proof. The proof consists of showing that there is no assignment of values to the
angles of the two triangulations that can satisfy Lemma 3; hence, neither triangulation
is minimum weight drawable. We give the proof for the graph of Fig. 2(a); the non-
drawability of the graph in Fig. 2(b) can be proven using the same technique.
First observe that for any triangulation, any vertex v of degree 3 having angles
0; 1; 2 must satisfy m(0)+m(1)+m(2)¿2, since each angle is less than . Refer
to the notation of Fig. 2(a), where the variables represent the angles of the faces at the
internal vertices. By the condition of Lemma 3, at least one of m(′) or m() must be
0. Without loss of generality, assume that m(′)= 0. By the observation beginning this
proof, both m() and m(′′) must equal 1. This implies, by the condition of Lemma 3,
that m()= 0 and m(′′)= 0. Again, m(′) and m() must equal 1. Repeating this
process, it follows that m()= 0 and so m(′)=m(′′)= 1. Similarly, m(′)= 0 and so
m()=m(′′)= 1, which implies that m(′)= 0. But now both m() and m(′) equal
0, contradicting the observation about vertices of degree 3.
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The triangulations of Fig. 2(a) and (b) are just two examples of in4nite classes
of minimum weight forbidden triangulations. Other forbidden triangulations can be
constructed from these two.
Theorem 5. Any triangulation containing either the graph of Fig. 2(a) or the graph
of Fig. 2(b) as an induced subgraph is minimum weight forbidden.
Proof. Let T ′ be a triangulation which is minimum weight drawable and let T be an
induced subgraph of T ′ such that T is also a triangulation. We will show that the
angles of T satisfy the condition of Lemma 3. Therefore, T cannot be either of the
graphs of Fig. 2, since, as shown in Lemma 4, neither of these graphs satisfy this
condition. Let f1 and f2 be faces of T that share an edge e, and let v1 and v2 be the
vertices of f1 and f2 opposite e. It suKces to show that m((v1; f1))+m((v2; f2))61.
In T ′, let f′1 and f
′
2 be the faces of T
′ that share edge e, and let v′1 and v
′
2 be the
vertices of f′1 and f
′
2 opposite e. Then,
m((v1; f1)) + m((v2; f2))6m((v′1; f
′
1 )) + m((v
′
2; f
′
2 ))61;
since T ′ is minimum weight drawable and each v′i is in the interior of fi.
Corollary 6. No triangulation whose skeleton contains either of the graphs of Fig. 2
is minimum weight drawable.
4. Allowing drawability
In the previous section we showed skeletons that prohibit minimum weight drawabil-
ity. In this section we devise a technique that allows us to describe in4nite families of
minimum weight drawable graphs. In this section we will use the technique to prove
that all wheel graphs are minimum weight drawable and that any forest can be the
skeleton of a minimum weight drawable graph. More precisely, we describe methods
for
• Computing a special type of minimum weight drawing of a fan.
• Using such a drawing as a building block for constructing more complex minimum
weight drawings.
The correctness of our constructions rely on the following lemma, which is an appli-
cation of Theorem 1. Let P be a 4nite set of points in the plane. We denote by Seg(P)
the set of all segments having both endpoints in P. A set E⊆ Seg(P) is feasible if E
is contained in some minimum weight triangulation of P. Finally, for any E⊆ Seg(P),
we denote by I(E)⊆ Seg(P) those edges which intersect at least one edge of E.
Lemma 7. Let E⊆ Seg(P) be such that
(1) E is planar.
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(2) Every edge of E is light; that is; for every e∈E; every edge crossing e is at least
as long as e.
(3) For all s′ ∈ I(E) and all s∈ I(I(E))− E − I(E) such that s crosses s′; |s′|¿ |s|.
Then E is feasible.
Proof. Let T be a triangulation of P such that E*T . We will show how to modify T
to obtain a triangulation containing E and having weight at most w(T ). Let E′=E−T ,
and let G=T − I(E′). Note that G is planar and that no edge of G intersects any edge
of the (planar) set E′, and so G ∪E′ is planar. Since any planar set of edges can be
extended to a triangulation by the addition of 0 or more edges, we can extend G ∪E′
to a triangulation T ′. Hence, by Theorem 1, there exists a matching between T ′ and
T in which every edge of T ′ is matched either with itself or with an edge of T that
crosses it. Since no edge of E′ is in T , E′ is matched to a subset M of T so that
every edge in E′ crosses the edge in M that it matches. Therefore M ⊆T ∩ I(E′). Then
w(M)¿w(E′), since each edge of E′ is light. So,
w(T ) = w(G) + w(M) + w((T ∩ I(E′))−M)
¿w(G) + w(E′) + w((T ∩ I(E′))−M)
= w(G ∪ E′) + w((T ∩ I(E′))−M):
Now, we extend G ∪E′ to a triangulation by adding |(T ∩ I(E′))−M | edges. Notice
that each of the edges we add must be in I(I(E)) − E − I(E), since E⊆G ∪E′,
and edges in I(E) would cross edges in G ∪E′. Thus, by Condition 3 of the lemma,
each of the added edges must be no longer than every edge in I(E) that it crosses.
Because T ∩ I(E′)) − M ⊂ I(E), we have that the weight of the added edges is at
most w(T ∩ I(E′))−M). Therefore, by the inequality above we conclude that the new
triangulation has weight at most w(T ).
4.1. Drawing fans and wheels
In [19] it is shown that every maximal outerplanar graph is minimum weight draw-
able. However, the drawings produced by that method do not easily combine to form
more complex minimum weight drawings. We therefore present an alternative method
for computing a minimum weight drawing of a fan which better suits our purposes. In
the next de4nition, d(x; y) denotes the Euclidean distance between points x and y in
the plane.
De$nition 8. A drawing of a fan F = a; v1; v2; : : : ; vn is extensible if the edges of the
outer face form a strictly convex polygon, and for all h; 1¡h¡n,
(1) d(vh−1; vh)¡d(vh; a),
(2) d(vh+1; vh)¡d(vh; a), and
(3) For all j¡h and k¿h, d(vj; vk)¿d(vh; a).
Fig. 3 illustrates an extensible drawing of a fan.
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Fig. 3. An extensible drawing of a fan.
Lemma 9. Every fan admits an extensible minimum weight drawing.
Proof. Let F = a; v1; v2; : : : ; vn be a fan with apex a. Consider a drawing of F such
that v1; v2; : : : ; vn are collinear and which satis4es the inequalities of De4nition 8. Such
a drawing can always be constructed: For example, if n is odd, 4rst position a and
its neighbor vertex vn=2, then symmetrically space the remaining vertices on the line
through vn=2 perpendicular to the radial edge avn=2 so that the inequalities are sat-
is4ed.
In order to make the drawing extensible, we must satisfy the convexity requirement
of De4nition 8. To do so, choose any r¿0 such that
• For each 16j¡m¡k6n,
r ¡ 13 min{d(vj; vk)− d(vm; a); d(vma)− d(vm; vm−1); d(vma)− d(vm; vm+1)};
• For each 16j¡k6n, r¡ 14d(vkvj).
For each m; 1¡m¡n, move vm away from a along the line determined by vma by
a distance of at most r so as to form a strictly convex drawing which we denote as

. We claim that the inequalities of De4nition 8 are satis4ed by 
. Let v′m be the new
position of vm, for 16m6n. To establish the 4rst inequality, notice that
d(v′m; a)− d(v′m−1; v′m)¿d(vm; a)− (d(vm−1; vm) + 2r
¿ d(vm; a)− d(vm−1; vm)− 3r
¿ d(vm; a)− d(vm−1; vm)− (d(vm; a)− d(vm−1; vm))
= 0:
The second inequality can be proven similarly. To verify the third inequality, observe
that
d(v′j; v
′
k)− d(v′m; a)¿ (d(vj; vk)− 2r)− (d(vm; a) + r)
¿ (d(vj; vk)− d(vm; a))− 3r
¿ 3r − 3r = 0:
We now show that 
 is a minimum weight drawing of F . Let P be the set of vertices
of 
, and let E be the set of all radial edges of 
. For each edge avm ∈E, the
elements of Seg(P) intersecting it are of the type vjvk , which, by the third condition of
De4nition 8, are each longer than avm. Thus, every edge of E is light. Now, I(I(E))
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consists of edges either in E or in I(E), and so I(I(E))−E− I(E)= ∅. Therefore, by
Lemma 7, E is feasible. Since E, along with the (forced) edges of the convex hull,
form a triangulation of P, 
 is a minimum weight drawing of F .
The extensible drawing in Fig. 3 is a minimum weight drawing. Note that the internal
angles “vi−1vivi+1; 1¡i¡n in the drawing described in the previous lemma can each
be made as close to  as desired. This fact will be useful in later constructions. Another
useful property of extensible drawings is given in the following lemma, where Dr(v)
denotes the disk of radius r centered at v.
De$nition 10. Let 
 be an extensible drawing of a fan F = a; v1; v2; : : : ; vn, let vi be a
neighbor of a such that 1¡i¡n, and let Dr(vi) be the disk of radius r¿0 centered at
vi. Dr(vi) is a safe disk for vi if, for any points p; q∈Dr(vi), the following inequalities
hold:
(1) d(vi−1; q)¡d(p; a),
(2) d(vi+1; q)¡d(p; a), and
(3) For all j¡i and k¿i, d(vj; vk)¿d(p; a),
(4) For all j¡k¡i (or j¿k¿i), d(vj; p)¿d(vk ; a).
Lemma 11. Let 
 be an extensible drawing of a fan F = a; v1; v2; : : : ; vn; let vi be a
neighbor of a such that 1¡i¡n. There exists an r¿0 such that Dr(vi) is a safe disk
for vi.
Proof. The statement can be proven using the same reasoning as in the previous lemma.
It suKces to choose r so that
• For each 16j¡m¡k6n;
r ¡ 14 min{d(vj; vk)− d(vm; a); d(vma)− d(vm; vm−1); d(vma)− d(vm; vm+1)};
• For each 16j¡k6n; r¡ 14d(vkvj).
We now show how an extensible drawing can be used to build more complex minimum
weight drawings, by 4rst introducing the notion of a safe region associated with a
vertex of a minimum weight drawing. A region of the plane is called a 2-cell if it is
homeomorphic to a disk.
De$nition 12. Let 
 be a minimum weight drawing of a triangulation T with vertex set
V , let v∈V , and let S(v) be a 2-cell containing v on its boundary. S(v) is a safe region
of 
 at v if, given any minimum weight triangulation 
′ of any 4nite set V ′⊂ S(v)
containing v, there exists a minimum weight triangulation of V ∪V ′ containing 

and 
′.
Let F = a; v1; v2; : : : ; vn be a fan with apex a, let 
 be an extensible minimum weight
drawing of F , and let vi be a neighbor of a such that 1¡i¡n. Consider the 4nite region
Q determined by the four lines through vi−2vi−1; vi−1vi; vivi+1 and vi+1vi+2. (If i=2
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Fig. 4. Portion of an extensible minimum weight drawing of a fan: 4ve neighbors of the apex of the fan
and Sr(vi).
or i= n, use the corresponding three lines to determine Q.) Given a positive radius r
we denote by Sr(vi) the intersection of Q and Dr(vi). See Fig. 4 for an example.
Lemma 13. Let F = a; v1; v2; : : : ; vn be a fan with apex a; let 
 be an extensible
minimum weight drawing of F; and let vi be a neighbor of a such that 1¡i¡n. Then
there exists an r¿0 such that Sr(vi) is a safe region of 
 at vi.
Proof. Let V be the set of vertices of 
. We choose r as in Lemma 11, so that Dr(vi)
is a safe disk at vi. Let 
′ be a minimum weight drawing of a triangulation contained
in Sr(vi) and let V ′ be the set of vertices of 
′.
Let P=V ∪V ′ and let E be the set of edges in 
 along with those in the convex
hull of 
′. The proof consists of showing that some minimum weight triangulation of
P contains E, and therefore at least one such triangulation must contain all of 
′.
We will show that E satis4es the conditions of Lemma 7. Clearly E is planar. To
show that each edge of E is light, we consider the types of edges in E. Edges of the
form avj; 1¡j¡n can be crossed by elements of Seg(P) either of the form vkvm or of
the form vkp, where p∈V ′. Segments of the 4rst form are longer than avj by Property
3 of De4nition 8; Segments of the second form are longer than avj by Property 4 of
De4nition 10. Therefore edges of the form avj are light.
Edges of the form vjvj+1; j = i− 1; i are light since they are on the convex hull of
P. As for the edge vivi−1 (vivi+1), it can be crossed either by segments of the form ap,
p∈V ′, or of the form vkp; p∈V ′, where k¡i−1 (k¿i+1). Segments of the former
type are longer than vivi−1 (vivi+1) by Properties 1 and 2 of De4nition 10. So consider
a segment vkp; p∈V ′ with k¡i−1 (k¿i+1). By Property 4 of De4nition 10, vkp is
longer than vi−1a (vi+1a), which, in turn, are longer than vivi−1 (vivi+1), by Property 2
of De4nition 8. Hence the edge vivi−1 (vivi+1) is light.
Finally, let uw be an edge of the convex hull of 
′. Note that uw can be crossed
only by the same segments that can cross vivi−1 (vivi+1). We prove that uw is light by
showing that uw is shorter than vivi−1 (vivi+1). To see this, recall that in the proof of
Lemma 11, the radius r of the safe disk is such that for each 16j¡k6n; r¡ 14d(vkvj).
Therefore, since uw has length at most 2r, we conclude that uw is shorter than vivi−1
(vivi+1). Thus all edges of the convex hull of 
′ are light.
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To conclude our proof that E is feasible, we must now show that Condition 3 of
Lemma 7 is satis4ed. First note that I(E) consists of segments of the following types:
vjvk ; vjp, and ap, where 16j¡k6n and p∈V ′, which all have length greater than
4r by the choice of r in the proof of Lemma 11. Therefore I(I(E))−E− I(E) consists
of segments that have both endpoints in V ′, and so have length at most 2r. Thus
Condition 3 is satis4ed, and it follows that E is feasible.
As a 4rst application of the ideas behind Lemmas 9 and 13, we demonstrate the
minimum weight drawability of wheel graphs. A second application will be described
in Section 4.2.
Theorem 14. Every wheel T is minimum weight drawable; and a minimum weight
drawing of T can be computed in linear time in the real RAM model of computation.
Proof. It is a simple matter to construct a minimum weight drawing of any wheel
having n612 spokes: take a regular n-gon and add a vertex in the center adjacent
to each vertex of the n-gon. Suppose now, that T has n¿12 and let c be the center
of T .
Let u; a; v be three consecutive neighbors of c, so that the subgraph of T induced
by a; u; c; v is a fan F with apex a. To construct a minimum weight drawing of T , we
4rst compute an extensible minimum weight drawing 
 of F , as in Lemma 9. Next,
we de4ne the safe region Sr(c) as described in Lemma 3. Then we apply Lemma 9
to compute an extensible minimum weight drawing 
′ of the fan F ′=G − {a; u; v}
with apex c such that 
′ is in Sr(c). Since F ′ has an angle of less than  at c and
since we can make the angle of the wedge containing Sr(c) as close to  as desired,
a drawing with these properties can be computed. Now, by the proof of Lemma 13,
there is a minimum weight triangulation 
∗ of the vertices of both 
 and 
′ such that

∗ includes both 
 and 
′. Let P be the set of vertices of 
∗. By our construction,
the edges of T that are neither represented in 
 nor in 
′ are edges of the convex
hull of P, and so they are forced. It follows that 
∗ is a minimum weight drawing of
T . Finally, note that both 
∗ can be computed in time proportional to the number of
vertices of T in the real RAM model of computation.
Fig. 5 shows an example of a minimum weight drawing of a wheel.
4.2. Skeletal forests
In order to prove that every forest can occur as the skeleton of a minimum weight
triangulation, we require a method of attaching several triangulations to an existing
fan.
De$nition 15. Let 
 be a minimum weight drawing of a triangulation T having
vertex set V , let {v1; v2; : : : ; vk}⊂V , and let Sr1 (v1); Sr2 (v2); : : : ; Srk (vk) be safe re-
gions for {v1; v2; : : : ; vk} respectively. Sr1 (v1); Sr2 (v2); : : : ; Srk (vk) are called mutually
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Fig. 5. A minimum weight drawing of a wheel.
safe regions if, given any set of minimum weight triangulations 
i; 16i6k hav-
ing vertex sets Vi⊂ Sri(vi) with each vi ∈Vi, some minimum weight triangulation of
V ∪V1 ∪V2 ∪ · · · ∪Vk contains 
∪
1 ∪
2 ∪ · · · ∪
k .
If a set of mutually safe regions exists for some set of vertices in a minimum weight
drawing, then we can attach to the drawing one minimum weight drawing for each
one of these vertices in such a way that the resulting drawing can be extended to a
minimum weight drawing of the entire underlying set of vertices. It turns out that such
safe regions exist for most sets of pairwise non-adjacent outer vertices of a fan.
Lemma 16. Let F = {a; v1; : : : ; vn} be a fan with apex a; let F ′⊂F be a set of pair-
wise non-adjacent neighbors of a such that v1; vn =∈F ′. Then there exists a set of
mutually safe regions for the vertices of F ′.
Proof. We begin with a minimum weight drawing of F as in Lemma 9. Let F ′= {u1;
u2; : : : ; uk}. Safe regions Sri(ui) can be chosen for each vertex in F ′ as in the proof of
Lemma 13 so that any segment connecting a point pi ∈ Sri(ui) to pj ∈ Srj (uj), intersects
an edge of F . Moreover, we can assume that these safe regions have a common radius
r. We now show that these regions are mutually safe regions. So let 
i; 16i6k be
minimum weight drawings such that each 
i⊂ Sr(ui) and each ui ∈
i. Let E consist
of the edges of F along with the edges of the convex hulls of each 
i. We will show
that E satis4es the conditions of Lemma 7. Clearly E is planar. As in the proof of
Lemma 13, we show that each edge of E is light by considering the types of edges
in E.
Much of this argument is identical to that given in Lemma 13. The only new types
of edges in I(E) are edges of the form pipj, where pi ∈
i and pj ∈
j. Such an edge
pipj can cross edges of E that are either convex hull edges of 
i or 
j, or edges of
F . By the choice of r, however, pipj must be at least as long as any such edge of E.
Similarly, each edge of E satis4es Condition 3 of Lemma 7. Again, the only new
cases involve edges of the form pipj, where pi ∈
i and pj ∈
j. If such an edge is in
I(E), the only edges from I(I(E))− E − I(E) that can cross it are those having both
endpoints in 
i or in 
j, but such edges are clearly shorter than pipj. An edge of the
form pipj is automatically in I(E), and so cannot be in I(I(E))− E − I(E).
W. Lenhart, G. Liotta / Theoretical Computer Science 270 (2002) 261–286 275
Fig. 6. A minimum weight drawing of a triangulation whose skeleton is a forest. The drawing is computed
by the procedure described in Lemma 16.
Therefore E is feasible. Since E is contained in some minimum weight triangulation
of the vertices of F ∪
1; 
2; : : : ; 
k , and since E contains the convex hulls of each

i; F ∪
1; 
2; : : : ; 
k must also be contained in some minimum weight triangulation the
underlying set of vertices. In fact, the remaining edges of such a triangulation must
consist of those edges connecting vertices of F to the convex hulls of the 
i that do
not intersect any edge of E.
Theorem 17. Any forest can be realized as the skeleton of some minimum weight
triangulation.
Proof. Consider the family T of rooted triangulations de4ned as follows:
(1) Every fan is in T, and is rooted at its apex.
(2) If F is a fan with apex a; F ′= {u1; : : : ; uk}⊂F is a set of non-adjacent neighbors
of a, and {T1; : : : ; Tk}⊂T have apices a1; a2; : : : ; ak , respectively, then the trian-
gulation obtained by attaching each Ti to F by identifying each ai with ui, and
rooting the result at a, is in T.
Lemma 16 guarantees that every graph in T is minimum weight drawable. The
skeleton of every element of T is a forest and every forest occurs as an element of
some (in fact, in4nitely many) elements of T.
Fig. 6 shows a minimum weight drawing obtained by composing the minimum
weight drawings of three fans, according to Lemma 16. Observe that the skeleton of
the resulting drawing is a forest.
5. Guaranteeing drawability
In this section we study two problems that naturally arise from the results of
Sections 3 and 4.
• The classes of graphs described by Theorem 5 are not only minimum weight forbid-
den but also Delaunay forbidden, since they both violate Condition 2 of Theorem 2.
To see this, simply de4ne the set U in the statement of Theorem 2 to be the ver-
tices of the skeleton drawn as white circles in Fig. 2. (It is simple to modify the
graph in Fig. 2(b) to obtain a triangulation violating Condition 1 of Theorem 2.)
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Fig. 7. (a) A triangulation T that is Delaunay forbidden. (b) A minimum weight drawing of T .
Therefore, it is interesting to further investigate the relationship between the classes
of Delaunay and minimum weight drawable triangulations.
• Theorem 17 describes skeletons that appear in minimum weight drawable triangu-
lations. It is interesting to 4nd conditions on the skeletal structure which imply
minimum weight drawability.
In Section 5.1 we show an in4nite family of triangulations that are realizable as mini-
mum weight triangulations, but not realizable as Delaunay triangulations. To our knowl-
edge, this is the 4rst result showing the combinatorial diOerence between
Delaunay triangulations and minimum weight triangulations. In Section 5.1 we ex-
tend the class of representable triangulations by showing that the acyclicity of the
skeleton always implies the minimum weight drawability of a maximal triangulation.
Finally, the minimum weight drawability of triangulations whose skeletons have cycles
is studied in Section 5.3.
5.1. Comparing minimum weight and delaunay drawability
We prove that the class of Delaunay drawable and minimum weight drawable trian-
gulations do not coincide. We say that a triangulation is Delaunay forbidden if it is
not Delaunay drawable.
Lemma 18. The triangulation of Fig. 7(a) is Delaunay forbidden and minimum weight
drawable.
Proof. Let T be the triangulation of Fig. 7(a). We remove from T the set U of vertices
drawn as white circles in Fig. 7(a). As a result, T − U consists of three components,
none of which contains vertices of the outer face of T . Therefore, by Theorem 2, T
is Delaunay forbidden.
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Let 
 be the drawing of T depicted in Fig. 7(b). We prove that 
 is a minimum
weight drawing. Let P be the set of vertices of 
 and let E be the set of edges of 

of the type aic and of the type bic (i=0; 1; 2, subscripts are taken mod 3). Clearly E
is planar. Also, the edges in E are light since I(E) consists of elements in Seg(P) of
the type aibi+2 and of the type bibi+2, which are longer than the edges of E. Finally,
observe that all segments of Seg(P) that intersect an element of I(E) belong to E.
Hence, I(I(E))− I(E)− E= ∅ and so, by Lemma 7, E is feasible.
The proof is completed by observing that the remaining edges of 
 are forced.
The result of Lemma 18 can be extended to show that there exist in4nitely many
triangulations that are Delaunay forbidden and minimum weight drawable.
Theorem 19. Every maximal triangulation whose skeleton is a tree with three leaves
is Delaunay forbidden and minimum weight drawable.
Proof. Let T be a maximal triangulation whose skeleton S(T ) is a tree with three
leaves. Let c be the non-leaf vertex of S(T ) with three incident edges (clearly, there
is only one such vertex) and let a0; a1; a2 be the three vertices of the outer face of
T . De4ne U = {c; a0; a1; a2} and remove from T the vertices of U and their incident
edges. T − U consists of three components, none of which contain vertices of the
outer face of T . Therefore, by Theorem 2 T is Delaunay forbidden. See for example
Fig. 8(a), where the vertices of U are drawn as white circles.
We now prove that T is minimum weight drawable. For each cycle c; ai−1; ai
(i=0; 1; 2; subscripts are taken mod 3), let 0i be the path induced by the vertices
inside the cycle. Let bi be the vertex of 0i adjacent to c and let di be the vertex of
0i that is adjacent to ai (di coincides with bi if 0i consists of a single vertex). Paths
00 and 01 are highlighted in Fig. 8(a).
If paths 00, 01, and 02 all consist of a single vertex, then T is minimum weight
drawable by Lemma 18. So, suppose otherwise. We compute a drawing of T as follows.
First, a minimum weight-drawing of the subgraph induced by vertices a0; a1; a2; c; b0;
b1; b2 is computed by means of the procedure in the proof of Lemma 18.
Then, for each i (i=0; 1; 2), path 0i is added to the drawing so that the following
constraints are satis4ed:
Constraint 1: 0i is drawn as a strictly convex chain inside the triangle with vertices
ai−1; ai; bi.
Constraint 2: For any three vertices ui; vi; wi of 0i encountered in this order when
walking along 0i from bi to di, we have that d(ai; vi)¡d(ui; wi).
Constraint 3: Let ui−1 be any vertex of 0i−1 and let vi be a vertex of 0i diOerent
from bi. The segment ui−1vi intersects the segment aibi.
Finally, the drawing is completed by connecting all vertices of 0i to ai−1 and to ai,
and by drawing edges diai (i=0; 1; 2). Constraint 1 ensures that no segment between
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Fig. 8. Illustration for Theorem 19. (a) A maximal triangulation T whose skeleton is a tree with a vertex of
degree 3. T is Delaunay forbidden and minimum weight drawable. Path 01 is highlighted. (b) A minimum
weight drawing 
 of T computed by the procedure described in Theorem 19. (c) Blow-up of the drawing
of 01.
two vertices of 0i intersects any segment between ai−1 and a vertex of 0i; Constraint
2 ensures that quadrilaterals of the form ai; ui; vi; wi have aivi as the shorter diagonal;
and Constraint 3 ensures that no segment between a vertex of 0i and a vertex of 0i−1
intersects any segment between ai−1 and a segment of 0i.
Fig. 8(b) shows a drawing of the triangulation of Fig. 8(a) constructed by this
procedure. Fig. 8(c) shows details of the drawing of path 01.
Let 
 be the computed drawing of T and let P be the set of vertices of 
. We
prove that 
 is a minimum weight triangulation of P. It is not clear at this point that
any of the edges of 
 (other than those on the convex hull of P) are required to be
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in a minimum weight triangulation of P, so we must verify that each edge of 
 is, in
fact, in such a triangulation. First observe that the following edges of 
 are forced:
• Edges of the type aiai−1, since they form the convex hull of S.
• Edges of the type diai (i=0; 1; 2) by construction.
• Edges connecting ai−1 to vertices of 0i, since 0i is drawn satisfying Constraints 1
and 3.
• Edges of the convex chains representing each 0i, since 0i is drawn satisfying Con-
straints 1 and 3.
Let E be the set of remaining edges of 
. In order to complete the proof it suKces to
show that E satis4es the condition of Lemma 7 and is therefore feasible. E is obviously
planar.
In order to show that each edge of E is light, we consider the types of edges
in E. Edges in E of the form aivi, where vi is a vertex of 0i, can be crossed by
elements of Seg(P) that connect pairs of vertices of 0i. Therefore, by Constraint 2,
the edges of the form aivi are light. Edges in E of the form cbi and of the form cai
can be crossed either by segments of the type vivj, where vi is a vertex of path 0i
and vj is a vertex of path 0j (i; j=0; 1; 2, i = j), or by segments of the type aivi+2,
where vi+2 is a vertex of path 0i+2. Observe that both types of segments of I(E2)
are at least as long as the distance d(bi; bj) since 0i and 0j are drawn satisfying
Constraint 1. Also, since the subgraph of 
 induced by vertices a0; a1; a2; c; b0; b1; b2
is a minimum weight triangulation constructed according to the procedure in the proof
of Lemma 18, we have that d(bi; bj)¿d(c; ai)¿d(c; bi). Therefore the edges of E are
light.
Since I(I(E))=E, we have that I(I(E))− I(E)−E= ∅ and thus by Lemma 7 E is
feasible.
5.2. Skeletal trees
Theorem 19 shows that skeletons that are trees with at most three leaves guarantee
minimum weight drawability of maximal triangulations. We now extend the result by
proving that the acyclicity of the skeleton always guarantees minimum weight drawabil-
ity of maximal triangulations. We start by characterizing acyclic skeletons of maximal
triangulations.
Lemma 20. Let T be a maximal triangulation and let S(T ) be the skeleton of T . If
S(T ) is acyclic; then it is a tree with at most three leaves.
Proof. The lemma trivially holds if S(T ) consists of a single vertex or of a single
edge. So, suppose otherwise. Observe that S(T ) can only have multiple connected
components if T contains a diagonal, that is, a non-convex-hull edge connecting two
vertices of the outer face) of T . Since T is maximal, it does not have diagonals and
hence S(T ) consists of only one acyclic component, i.e. it is a tree.
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We now prove that the number of leaves of S(T ) is at most three. A face of T
sharing an edge with the outer face is called an ear of T . We show that each leaf of
S(T ) belongs to at least one ear of T . Since T has exactly three ears, S(T ) has at
most three leaves.
Let u be a leaf of S(T ) and let v be the only vertex of S(T ) adjacent to u. Since
edge uv is an interior edge of T , uv is shared by two faces of T , say f1 and f2. Since
S(T ) is a tree, both the vertex of f1 opposite to (u; v) and the vertex of f2 opposite
to (u; v) are outer vertices of T . Hence, u is adjacent to at least two outer vertices of
T . Let a and b be these two vertices. Observe that the cycle with vertices a, u, and
b cannot contain any vertex w in its interior, otherwise w would be an internal vertex
of T , diOerent from v and adjacent to u, which violates the assumption that u is a leaf
of S(T ). It follows that u, a, and b belong to an ear of T .
Let T be a maximal triangulation whose skeleton is acyclic. By Lemma 20, two
cases are possible: Either the skeleton of T is a tree with exactly one vertex of degree
3 or it is a path. When the 4rst case holds, the minimum weight drawability of T has
been proved by Theorem 19. We now study the second case.
Lemma 21. Let T be a maximal triangulation and let S(T ) be the skeleton of T . If
S(T ) is a path; then T is minimum weight drawable.
Proof. Refer to Fig. 9(a). Let a0; a1; a2 be the vertices of the outer face of T , and
let V denote the set of vertices of S(T ). Since S(T ) is a path and T is a maximal
triangulation, there exists a vertex on the outer face of T that is adjacent to all vertices
of S(T ). Let a2 be such vertex and let F be the fan induced by {a2} ∪ V . The edges
of F are bold in Fig. 9(a).
Also, observe that there exists a vertex v∈V that is adjacent to a0, a1, and that
V −{v} can be partitioned into two subsets V0 and V1: V0 consists of vertices adjacent
to a0 and not adjacent to a1; V1 consists of vertices adjacent to a1 and not adjacent to
a0. When walking from one endpoint of S(T ) to the other one, 4rst all vertices of one
subset are encountered, then vertex v, and then all vertices of the other subset. Sets V0
and V1 are highlighted in Fig. 9(a).
A minimum weight drawing of T is computed in two steps: First a minimum weight
drawing of F is computed as in the proof of Lemma 9; then, vertices a0 and a1 and
their incident edges are added to the drawing so that the following geometric constraints
are satis4ed:
Constraint 1: The convex hull of V ∪ {a0; a1; a2} is the triangle with vertices a0, a1,
and a2.
Constraint 2: Vertex ai (i=0; 1) is visible from all vertices of Vi ∪{v}, i.e. a segment
connecting ai to any vertex of Vi ∪ {v} does not intersect any edge of the drawing
of F .
Constraint 3: Vertex ai is not visible from any vertex of Vi+1 (i=0; 1, subscripts are
taken mod 2).
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Fig. 9. Illustration for Lemma 21. (a) A maximal triangulation T whose skeleton is a path. The edges of the
fan induced by the vertices of the skeleton and by vertex a2 are bold. The subsets V0 and V1 are highlighted.
(b) A minimum weight drawing of T computed by the procedure described in Lemma 21.
Constraint 4: The distance between ai (i=0; 1) and any vertex of V is larger than the
length of any edge in the drawing of F .
Let 
 be the resulting drawing of T . Fig. 9(b) shows a minimum weight drawing
of the graph of Fig. 9(a) computed by this procedure.
Let P be the set of vertices of 
. In order to prove that 
 is a minimum weight
triangulation of P, 4rst note that following edges of 
 are forced:
• Edges of the type aiai−1 (i=0; 1; 2, subscripts are taken mod 3), by Constraint 1.
• Edges connecting ai (i=0; 1) to vertices of V , by Constraint 2 and Constraint 3.
Let E be the remaining subset of edges of 
: E consists of the edges of F . By
Constraint 4, all edges of E are light. Also, since I(I(E))=E, we have that I(I(E))−
I(E) − E= ∅. Therefore, by Lemma 7 E is feasible. It follows that 
 is a minimum
weight drawing of T .
We can summarize the results of this section as follows.
Theorem 22. Let T be a maximal triangulation with n vertices and let S(T ) be
the skeleton of T . If S(T ) is acyclic; then T is minimum weight drawable; and a
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Fig. 10. Illustration for Theorem 23. The shaded grey regions represents 
′. (a) A minimum weight drawing
in which each ai (i = 0; 1; 2) is adjacent to two vertices of the outer face of 
′. (b) A minumum weight
drawing in which a vertex of the outer face of T adjacent to three vertices of the outer face of 
′.
minimum weight drawing of T can be computed in O(n) time in the real RAM model
of computation.
5.3. Maximal skeletons
The next theorem allows us to describe a recursive method for drawing certain
triangulations as minimum weight triangulations.
Theorem 23. Let T be a maximal triangulation and let S(T ) be its skeleton. If S(T )
is such that:
(1) S(T ) is a maximal triangulation; and
(2) S(T ) is minimum weight drawable;
then T is minimum weight drawable.
Proof. Let a0, a1, and a2 be the three vertices of the outer face of T . Let v0, v1, and
v2 be the three vertices of the outer face of S(T ) and let 
′ be a minimum weight
drawing of S(T ). We show how to construct a minimum weight drawing 
 of T from

′ by adding vertices a0, a1, and a2 and their incident edges. There are two cases to
consider: Either (i) each ai (i=0; 1; 2) is adjacent to two vertices of the outer face of
S(T ), or (ii) there exists a vertex of the outer face of T adjacent to v0, v1, and v2.
As for Case (i), suppose ai is adjacent to vi and to vi+1 (in the rest of the proof
we always assume i=0; 1; 2 and all subscripts taken mod 3). Each ai is represented
as a point in the plane so that the following geometric constraints are satis4ed (see
Fig. 10(a)):
Constraint 1: The coordinates of the vertices are chosen so that a1, a2, and a3 form
the convex hull of the new set of points.
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Constraint 2: Vertex ai is connected to vi and to vi+1 by segments that do not intersect
any edge of 
′. The segment connecting ai to vi+2 intersects 
′.
Constraint 3: The distance between ai and each vertex of 
′ is larger than length of
the longest edge of the outer face of 
′.
Let 
 be the resulting drawing and let P be the set of vertices of 
. We prove that

 is a minimum weight triangulation of P. All edges of the type aiai+1 are forced
because of Constraint 1. Similarly, the edges connecting a0, a1 and a2 to v0, v1, and
v2 are forced because of Constraint 2.
Let E be the edges of the type vivi+1. Clearly E is planar. I(E) consists of segments
connecting a vertex of 
′ to a vertex of the convex hull of P. Thus, by Constraint
3 every edge of E is light. Also notice that I(I(E)) − E − I(E) consist of segments
connecting pairs of vertices of 
′, which by Constraint 3 are shorter than any element
of I(E). Therefore, by Lemma 7 we conclude that E is feasible.
Now, since E is feasible and is a (convex) triangle, all edges of the type aiai+1
are forced, and 
′ is a minimum weight drawing, we conclude that 
 is a minimum
weight triangulation of P.
We now consider Case (ii). Suppose that a0 is adjacent to v0, v1, and v2, that a1
is adjacent to both v1 and v2, and that a2 is adjacent only to v2. A drawing of T is
constructed in three steps: 4rst a0 and its incident edges are added to 
′, then a1 is
added, and 4nally a2 is added. The coordinates of the vertices is chosen so that a1, a2,
and a0 form the convex hull of the new set of points. Also, the following constraints
are satis4ed (see Fig. 10(b)):
Constraint a: Vertex a0 is connected to v0, v1, and v2 by segments that do not intersect
any edge of 
′. The distance between a0 and each vertex of 
′ is larger than the length
of the longest edge of the outer face of 
′.
Constraint b: Vertex a1 is connected to v1, and v2 by segments that do not intersect
any edge of 
′. A segment connecting a1 to v0 crosses only shorter segments.
Constraint c: Vertex a2 is connected to v2, by segments that do not intersect any edge
of 
′. Segments connecting a2 to either v0 or v1 cross only shorter segments.
Observe that Constraints a; b; and c imply that the distance between ai and each
vertex of 
′ is larger than length of the longest edge of the outer face of 
′. The
reasoning to prove that the drawing de4ned with this construction is minimum weight
is similar to that described for Case (i). We omit details for brevity.
Theorem 23 provides a basic tool for constructing minimum weight drawable trian-
gulations. For example, it is possible to de4ne new triangulations that are minimum
weight drawable and Delaunay forbidden and that are not described by Theorem 19.
One such triangulation is depicted in Fig. 11: Theorems 23 and 22 imply that the tri-
angulation is minimum weight drawable; also, the triangulation is Delaunay forbidden
because it violates Condition 2 of Theorem 2 when removing the four vertices drawn
as white circles.
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Fig. 11. A minimum weight drawable and Delaunay forbidden triangulation whose skeleton is not a tree.
Another consequence of Theorem 23, is the following.
Corollary 24. A nested triangulation is minimum weight drawable; and its minimum
weight drawing can be computed in linear time in the real RAM model of computa-
tion.
Proof. Let T be a nested triangulation. If T consists of a single triangle, then a min-
imum weight drawing of T can be trivially computed. Otherwise, a minimum weight
drawing of T is constructed as follows. The three vertices of the outer face are re-
moved and a minimum weight drawing of the remaining graph is recursively computed.
Finally, the three vertices of the outer face are added to the drawing by means of the
procedure described in the proof of Theorem 23. Clearly, this algorithm requires linear
time in the real RAM model of computation.
6. Conclusions and open problems
In this paper we have considered the problem of characterizing triangulations that
can be realized as minimum weight triangulations. Necessary conditions for the drawa-
bility problem have been given, that imply that not all triangulations are representable
as minimum weight triangulations. Also several non-trivial classes of drawable trian-
gulations have been characterized.
Several problems remain open towards a complete characterization of which graphs
admit a minimum weight drawing. We list here two of those that in our opinion are
among the most relevant.
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(1) Further investigate the combinatorial relationship between minimum weight and
Delaunay drawable triangulations. Theorem 19 shows the existence of Delaunay
forbidden and minimum weight drawable triangulations. Are there any Delaunay
drawable and minimum weight forbidden triangulations?
(2) Find other necessary conditions of the type expressed by Lemma 3.
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